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UPPER-MODULAR AND RELATED ELEMENTS 
OF THE LATTICE OF COMMUTATIVE 
SEMIGROUP VARIETIES 

B.M. VERNIKOV 


Abstract. We completely determine upper-modular, codistributive and co¬ 
standard elements in the lattice of all commutative semigroup varieties. In 
particular, we prove that the properties of being upper-modular and codis¬ 
tributive elements in the mentioned lattice are equivalent. Moreover, in the 
nil-case the properties of being elements of all three types turn out to be equiv¬ 
alent. 


1. Introduction 


A remarkable attention in the theory of lattices is devoted to special elements 
of lattices. Recall dehnitions of several types of special elements. An element x 
of the lattice (L; V, A) is called 


distributive if 
standard if 
modular if 
upper-modular if 


yy,z e L 
\/y,z E L 
\/y,z E L 
\/y,z E L 


x\/ {y A z) = {x \/ y) A {x \/ z)] 

{x\/ y) A z = {x A z) y {y A z); 
y < z —> {x y y) A z = {x A z) y y; 
y < X — > X A {y y z) = y y {x A z)] 


neutral if, for all y,z E L, the elements x, y and ^ generate a distributive sub¬ 
lattice of L. Codistributive, costandard and lower-modular elements are dehned 
dually to distributive, standard and upper-modular elements respectively. 

Special elements play an important role in the general lattice theory (see [1, 
Section III.2], for instance). In particular, one can say that neutral elements are 
related with decompositions of a lattice into subdirect product of its intervals, 
while [co]distributive elements are connected with homomorphisms of a lattice 
into its principal hlters [principal ideals]. Thus the knowledge of which elements of 
a lattice are neutral or [co]distributive gives essential information on the structure 
of the lattice as a whole. 
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There is a number of interrelations between the mentioned types of elements. It 
is evident that a neutral element is both standard and costandard; a [co] standard 
element is modular; a [co]distributive element is lower-modular [upper-modular]. 
It is well known also that a [co]standard element is [co] distributive (see [1, The¬ 
orem 253], for instance). 

During last years, a number of articles appeared concerning special elements 
of the above mentioned types in the lattice SEM of all semigroup varieties and 
in certain its important sublattices, first of all, in the lattice Com of all com¬ 
mutative semigroup varieties. Briefly speaking, these articles contain complete 
descriptions of special elements of many types and essential information about 
elements of other types (including strong necessary conditions and descriptions 
in wide and important partial cases). These results are discussed in details in 
the recent survey [9]. Special elements of the lattice Com are examined in the 
articles [3,4]. Results of these works give a complete description of neutral, 
standard, distributive or lower-modular elements of Com and a considerable in¬ 
formation about its modular elements that reduces the problem of description 
of such elements to the nil-case. However, practically anything was unknown 
so far about costandard, codistributive or upper-modular elements of the lattice 
Com. A unique exclusion is a description of elements of these three types in the 
narrow and particular class of 0-reduced varieties that follows from [3, Proposi¬ 
tion 2.3 and Theorem 1.2]. In particular, it was unknown, whether the lattice 
Com contains costandard but not neutral elements, as well as upper-modular 
but not codistributive elements. Corresponding questions were formulated in [9] 
(see Questions 4.11 and 4.12 there). For the sake of completeness, we mention 
that there exist codistributive but not costandard elements in the lattice Com. 
This fact can be easily deduced from results of [3] (see [9, Section 4.5]). 

In this article, we completely determine costandard, codistributive or upper- 
modular elements in the lattice Com. In particular, we answer on Questions 4.11 
and 4.12 of [9]. Namely, we prove that, in this lattice, the properties of being 
upper-modular and codistributive elements are equivalent, but the properties of 
being costandard and neutral elements are not equivalent. Moreover, it turns out 
that all three properties we consider are equivalent for commutative nil-varieties. 
Note that these results extremely contrast with the situation in the lattice SEM 
where the properties of being upper-modular and codistributive elements are not 
equivalent (compare [6, Theorem 1.2] and [8, Theorem 1.2]) but the properties of 
being costandard and neutral elements are equivalent [8, Theorem 1.3]. 

To formulate main results, we need some notation. We denote by T, SC 
and COM the trivial variety, the variety of semilattices and the variety of all 
commutative semigroups respectively. If S is a system of semigroup identities 
then varS stands for the semigroup variety given by S. For a natural number 
m, we put 


Cm = var{a;™ = xy = yx}. 
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In particular, Ci = SC. For brevity, we put also Cq = T. Note that a semigroup 
S satisfies the identity system wx = xw = w where the letter x does not occur 
in the word w if and only if S contains a zero element 0 and all values of ta in S' 
equal 0. We adopt the usual convention of writing ta = 0 as a short form of such 
a system. The main results of the article are the following two theorems. 

Theorem 1.1. For a commutative semigroup variety V, the following are equiv¬ 
alent: 

a) V is an upper-modular element of the lattice Com; 
h) V is a codistributive element of the lattice Com; 

c) one of the following holds: 

(i) V = COM, 

(ii) V = Ai y Af where A4 is one of the varieties T or SC, and Af is a 
commutative variety satisfying the identities 

( 1 . 1 ) x^yz = 0 , 

( 1 . 2 ) x^y = xy^, 

(iii) V = g y Aiy M where Q is an Abelian periodic group variety, Ai is 
one of the varieties T, SC or C- 2 , and Af is a commutative variety 
satisfying the identity 

(1.3) x^y = 0. 

Theorem 1.2. For a commutative semigroup variety V, the following are equiv¬ 
alent: 

af) V is a modular and upper-modular element of the lattice Com; 

b) V zs a costandard element of the lattice Com; 

c) one of the claims (i) or (ii) of Theorem 1.1 holds. 

The article consists of four sections. In Section 2 we collect auxiliary results 
used in what follows. Section 3 is devoted to the proof of Theorems 1.1 and 1.2, 
and Section 4 contains several corollaries from the main results. 

2. Preliminaries 

We start with certain results about special elements in the lattice Com ob¬ 
tained earlier. 

Proposition 2.1 ([3, Theorem 1.2]). A commutative semigroup variety V is 
a neutral element of the lattice Com if and only if V = Aiy Af where Ai is 
one of the varieties T or SC, and Af is a commutative variety satisfying the 
identity (1.3). □ 

Proposition 2.2 ([4, Theorem 1.4]). If a commutative semigroup variety V is 
a modular element of the lattice Com then V = Aiy Af where Ai is one of the 
varieties T or SC, and Af is a nil-variety. □ 
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It is generally known that the variety SC is an atom of the lattice SEM (and 
therefore, of the lattice Com). Proposition 2.1 implies that this variety is neutral 
in Com. Combining these facts with [3, Corollary 2.1], we have the following 

Lemma 2.3. A commutative semigroup variety V is an upper-modular [costan¬ 
dard] element of the lattice Com if and only if the variety V V SC has the same 
property. □ 

The subvariety lattice of a variety X is denoted hy L{X). The following lemma 
is generally known. 

Lemma 2.4. IfV is a semigroup variety with V ^ SC then the lattice L(V V SC) 
is isomorphic to the direct product of the lattices T(V) and L{SC). □ 

We denote by F the free semigroup. The symbol = stands for the equality 
relation on F. If m G F then we denote by c{u) the set of letters occurring 
in u and by i{u) the length of u. If u,v E F then we write u < v whenever 
V = af{u)b for some (maybe empty) words a and b and some homomorphism ^ of 
F. The first claim in the following lemma is evident, while the second one follows 
from [10, Lemma 1.3(hi)]. 

Lemma 2.5. Let J\f be a nil-variety of semigroups. 

(i) IfJ\f satisfies an identity u = v with c{u) ^ c{v) then Af also satisfies the 
identity u = f). 

(ii) If Af is commutative and satisfies an identity u = v with u < v then Af 

also satisfies the identity u = 0. □ 

We need the following two technical corollaries from Lemma 2.5. Put W = 
{x'^y, xyx, yx'^, y'^x, yxy, xy"^}. 

Corollary 2.6. If a commutative nil-variety of semigroups Af satisfies an identity 
of the form u = v where u G {x^y.^xy’^} and v ^ W then Af also satisfies the 
identity (1.3). 

Proof. Suppose at hrst that u = x‘^y. If c{v) 7 ^ {x, y} then Af satishes the 
identity (1.3) by Lemma 2.5(i). Let now c{v) = {x,y}. If £(v) < 3 then v <\ x‘^y 
and Lemma 2.5(ii) implies that Af satishes the identity (1.3) again. If £{v) = 3 
then V eW contradicting the hypothesis. Finally, if £{v) > 3 then it is easy to see 
that V equals in COAA (and therefore, in Af) to a word v' such that x^y < v'. Now 
Lemma 2.5(ii) applies again, and we conclude that Af satishes the identity (1.3) 
as well. 

The case when u = xy"^ may be considered quite analogously with the conclu¬ 
sion that Af satishes the identity xy"^ = 0 that is equivalent to (1.3) modulo the 
commutative law. □ 

Corollary 2.7. If a commutative nil-variety of semigroups Af satisfies the iden¬ 
tity ( 1 . 2 ) then Af also satisfies the identity (1.1). 
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Proof. Substituting yz to y in the identity (1.2), we obtain x^yz = x{yzY = 
xy‘^z‘^. Since x‘^yz < xy'^z'^, it remains to refer to Lemma 2.5(ii). □ 

A semigroup variety V is called a variety of degree n if all nilsemigroups in V 
are nilpotent of degree < n and n is the least number with such property. A 
variety is said to be a variety of finite degree if it has a degree n for some n; 
otherwise, a variety is called a variety of infinite degree. The following lemma 
follows from [6, Proposition 2.11] and [5, Theorem 2]. 

Lemma 2.8. A commutative semigroup variety V is a variety of degree < n if 
and only if it satisfies an identity of the form 

(2.1) X 1 X 2 ■ ■ ■ Xn = {XiX 2 ■ ■ ■ XnY"^^ 

for some natural number t. □ 

If V is a variety of hnite degree then we denote the degree of V by deg(V); 
otherwise, we write deg(V) = 00 . 


Corollary 2.9. If X and y are commutative semigroup varieties then 

deg(A’ V 3^) = max{deg(A’), deg(3^)}. 


Proof. If at least one of the varieties X 01 y has inhnite degree then 

deg(A’ V y) = cx) = max{deg(A’), deg(y)}. 

Let now deg(A:’) = k and deg(y) = m. Lemma 2.8 implies that the varieties X 
and y satisfy, respectively, the identities 

X1X2 ■ ■■Xk = {xiX 2 ■ ■ ■ XkY^^ 


and 

X1X2 ■■■Xm = {XiX 2 ■ ■ ■ XmY^^ 

for some r and s. Suppose without loss of generality that k < m. Substitute 
Xk' ■ ■ Xm to Xk in the hrst of the two mentioned identities. We have that X 
satishes the identity 

X1X2 ■■■Xm = {XiX 2 ■ ■ ■ XmY^^- 
Then X y y satishes the identity 

X1X2 ■■■Xm = iXiX2 ■ ■ ■ XmY"^^. 


Now Lemma 2.5(ii) applies with the conclusion that 

deg(A’ y y) <m = max{deg(A’), deg( 3 ^)}. 

Since the unequality max|deg(A’), deg(A’)} < deg(A’V A’) is evident, we are 
done. □ 


The following statement follows from [12, Proposition 1] and results of the 
article [ 2 ]. 
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Lemma 2.10. If V is a commutative semigroup variety and V ^ COM. then 
V = G y Cm V Af for some Abelian periodic group variety Q, some m > 0 and 
some nil-variety Af. □ 

It is well known that an arbitrary periodic semigroup variety V contains the 
greatest group subvariety that we denote by Gr(V). A semigroup variety V is 
called combinatorial if all groups in V are singletons. 

Lemma 2.11. IfG is a periodic group variety and IF is a combinatorial semigroup 
variety then Gr(^ y IF) = G■ 

Proof. The inclusion G G Gr{G V IF) is evident. To verify the converse inclusion, 
we suppose that the variety G satishes the identity u = v. Being combinatorial, 
the variety IF satishes the identity for some natural n. Therefore G y IF 

satishes the identity If we reduce it on from the left and on 

yn right, we obtain that the identity u = v holds in Gr(^ y IF). □ 

A semigroup is called combinatorial if all its subgroups are singletons. It is easy 
to verify that the variety Cm is generated by the (m + l)-element combinatorial 
cyclic monoid. We will use this fact below without special references. It may 
be easily checked that the join of all varieties of the form Cm coincides with the 
variety COM. Therefore, for a periodic semigroup variety X there exists the 
largest number m G N U {0} with the property Cm G X. We denote this number 
by m{X). 

Lemma 2.12. If G is a periodic group variety, m > 0 and Af is a nil-variety of 
semigroups then m{G y Cm y Af) = m. 

Proof. The varieties G and Af satisfy, respectively, the identities x = x^^^ and 
x'^ = 0 for some natural r and n. Whence the identity x^y'^ = holds in 

the variety ^ V V Af. Substituting 1 to y in this identity, we see that every 
monoid in GyCmPAf satisfies the identity x^ = a;’’’*'™'. Glearly, any combinatorial 
semigroup with this identity satishes the identity x^ = Since every cyclic 

semigroup is commutative, we have m{GyCmPAf) < m. The converse unequality 
is evident. □ 

Corollary 2.13. If X and y are periodic commutative semigroup varieties then 
m{X y y) = max[m{X),m{y)}. 

Proof. Lemma 2.10 implies that X = GiP Cmi V Afi and A’ = ^2 V Cm 2 ^ A /2 for 
some Abelian periodic group varieties Gi and G2, some mi, m 2 > 0 and some 
nil-varieties Afi and A/ 2 - Then m{X) = mi and m{y) = m 2 by Lemma 2.12. We 
have 

Xyy = GlyG2yCmMCm2\/^fl\/^f2=GlyG2y Cm^^{m,,m2}\/^fl V AA 2 . 
Applying Lemma 2.12 one more time, we have 

m{X y y) = max{mi, m 2 } = max|m(A’), m(/y)}. 
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Corollary is proved. 


□ 


3. Proofs of main results 

To prove both theorems, it suffices to verify the implications a) —> c) and 
c) —^-b) because the implications b) —^-a) in both theorems are evident. 

The implication a) —)-c) of Theorem 1.1. The article [ 6 ] contains, among oth¬ 
ers, the proof of the following fact: if a periodic commutative semigroup variety 
V is an upper-modular element of the lattice SEM then one of the claims (ii) 
or (iii) of Theorem 1.1 holds. Almost all varieties that appear in the correspond¬ 
ing fragment of [ 6 ] are commutative. The unique exclusion is a periodic group 
variety Q that appear in the verihcation of the following fact: every nil-subvariety 
of V satishes the identity (1.2). There are no the requirement that the variety Q 
is Abelian in [ 6 ]. But if we add this requirement to arguments used in [ 6 ] then 
the proof will remains valid. Thus, in actual fact, it is verihed in [ 6 ] that if V 
is an upper-modular element of the lattice Com and V ^ COM then V satishes 
one of the claims (ii) or (iii) of Theorem 1.1. 

The implication a)—)-c) of Theorem 1.2. Let V be a modular and upper- 
modular element of the lattice Com and V ^ COM. Then we may apply Propo¬ 
sition 2.2 and conclude that V = MM M where M is one of the varieties T or 
SC, and A/” is a nil-variety. The variety M is an upper-modular element in the 
lattice Com by Lemma 2.3. In view of the proved above implication a) —)■ c) of 
Theorem 1.1, we have that M satishes the identities (1.1) and (1.2). Thus the 
claim (ii) of Theorem 1.1 fullhlls. 

The implication c) —)-b) of Theorem 1 . 2 . Let V = My M where M is one 
of the varieties T or SC, and A/” is a commutative variety satisfying the identi¬ 
ties (1.1) and (1.2). We need to verify that V is costandard in Com. In view of 
Lemma 2.3, it suffices to check that the variety A/” is costandard in Com. Let X 
and y be arbitrary commutative semigroup varieties. It suffices to verify that 

y y) c{x y y) (z c x)y y 

because the converse inclusion is evident. If at least one of the varieties X oi y 
coincides with the variety COM then the desirable inclusion is evident. Thus we 
may assume that the varieties X and y are periodic. Let u = v he an arbitrary 
identity that is satished by (A/* A X)y y. We need to verify that it holds in 
(A/” V 3^) A (A V A’). By the hypothesis, the identity u = v holds in y and there 
exists a deduction of this identity from the identities of the varieties A/” and X. 
Let the sequence of words 

(3.1) Uo = u,Ui,...,Uk = v 

be the shortest such deduction, li k = 1 then the identity u = v holds in one 
of the varieties JX or X. Then it is satished by one of the varieties JX y y or 
X y y, whence by the variety (AAv A’) A (A V A’). Thus we may assume that 
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k > 1. If the identity u = v holds in M then it holds in A/” V 3^ and therefore, in 
(A/” V 3^) A (fh V 3^). Thus we may assume that u = v fails in Af. In particular, 
at least one of the words u or v, say u, does not equal 0 in Af. Since Af satishes 
the identity ( 1 . 1 ), this means that u coincides with one of the words xiX 2 ■ ■ - Xn 
for some n, x‘^, x^ or x‘^y. Further considerations are divided into three cases. 

Case 1: u = XiX 2 ■ ■ ■ Xn- If n = Xit,X 2 -k ■ ■ ■ x^-k for some non-trivial permutation 
TT on the set { 1 , 2 ,..., n} then the identity u = v holds in the variety COAA and 
therefore, in the variety (AAv 3^) A (A’ V y). Otherwise, Lemma 2.5 applies with 
the conclusion that every nilsemigroup in y satisfies the identity 

(3.2) X\X2 ■ ■ - Xn = 0. 

This means that 3^ is a variety of degree < n. Now we may apply Lemma 2.8 
and conclude that y satisfies the identity 

XiX2 ■ ■■Xn = {XiX2 ' ' ' Xnf^^ 
for some natural r and therefore, the identity 

X1X2 ■■■Xn = {XiX2 ■ ■ ■ XnY^^^ 

for any natural i. Thus the words X 1 X 2 ■ ■ ■ Xn, {xiX 2 ■ ■ ■XnY^~^^ (for all i) and v 
pairwise equal each to other in the variety y. 

Further, one of the varieties Af or X satisfies the identity xiX 2 ---Xn = ui. 
If n = xit,X 2 tt ■ ■ ■ Xnn for some non-trivial permutation n on the set (1, 2,..., n} 
then the identity u = ui holds in both varieties Af and X. This contradicts the 
claim that (3.1) is the shortest deduction of the identity u = v from the identities 
of the varieties Af and X. Repeating arguments from the previous paragraph, 
we may conclude that there exists a natural s such that the words X 1 X 2 ■ ■ -Xn, 
{xiX 2 ■ ■ ■ (for all i) and v pairwise equal each to other in one of the varieties 

Af or X. Then the words X 1 X 2 ■ ■ ■ Xn, {xiX 2 ■ ■ ■ XnY^^^ and v pairwise equal each 
to other in one of the varieties Af y y or X y y and therefore, in the variety 
{Af V 3^) A (fh V 3^). In particular, the variety {Af V 3^) A (fh V 3^) satishes the 
identity u = v. 

Case 2: u = x"^ or u = x^. One can verify the desirable statement in slightly 
more general situation when u = x'^ for some n. (In actual fact, this statement is 
evident whenever n > 3 because the variety Af satishes the identity x^ = 0. But 
our considerations below does not depend on n.) The identity x^ = v holds in 
y. Then Lemma 2.5 implies that every nilsemigroup in y satishes the identity 
x^ = 0. Being periodic, the variety y satishes the identity x^ = x'^ for some 
natural p and q with p < q. Let p be the least number with such a property. In 
view of Lemma 2.5, each nilsemigroup in y satishes the identity = 0. Clearly, 
p is the least number with such a property. Therefore n > p. Multiplying the 
identity x^ = x'^ on x^~^, we see that y satishes the identity x^ = x'^~^'^ for some 
r and therefore, the identity x'^ = for every natural i. Thus the words x"', 
^n+rt ^ pairwise equal each to other in the variety 3 ^. 
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Further, one of the varieties M oi X satishes the identity = Ui. The same 
arguments as in the previous paragraph show that there exists a natural s such 
that the words t", (for all tj and v pairwise equal each to other in one 

of the varieties M oi X. Then the words and v pairwise equal each 

to other in one of the varieties J\f V y or X y y and therefore, in the variety 
{M V 3^) A (df V 3^). In particular, the variety {M V 3^) A (fh V 3^) satishes the 
identity u = v. 

Case 3: u = x'^y. It is well known that every periodic semigroup variety 
W contains the greatest nil-subvariety. We denote this subvariety by Nil(>V). 
In view of Lemma 2.10, X = Qi y Cmi V A/i and 3^ = ^2 V Cm 2 ^ A /2 for some 
Abelian periodic group varieties Qi and Q 2 , some mi, m 2 > 0 and some nil- 
varieties A/i and A/ 2 - We may assnme withont loss of generality that A/i = Nil (A) 
and A /2 = Nil(A’). 

If the variety A/” satishes the identity (1.3) then 

(AA A A) V 3^ = (AA V 3^) A (A V y) 

by Proposition 2.1, and we are done. Suppose now that the identity (1.3) fails in 

M. 

Recall that (3.1) is the shortest dednction of the identity u = v from the 
identities of the varieties A/” and X. Hence, for every i = 0,1,...,A; — 1, the 
identity Ui = Uj+i is false in COM. This allows us to suppose that if n* is a word 
of length 3 depending on letters x and y then u* G {x‘^y, xy"^}. Put S = {x‘^y, xy"^}. 
The words uq, ui, ..., Uk are pairwise distinct, whence at most two of them he 
in S. Recall that uq = x‘^y G S. The identity n = wi is satished by one of the 
varieties A/” or X. If it holds in M and ui ^ S then Corollary 2.6 applies with the 
conclusion that A/” satishes the identity (1.3). But this is not the case. Fnrther, if 
the identity u = Ui holds in X and Wi G S' then the identity Ui = U 2 holds in M 
and U 2 ^ S. Then Corollary 2.6 applies again and we conclnde that the variety 
Af satishes the identity (1.3). As we have already noted, this is not the case. 
Thus either the identity u = ui holds in Af and wi G S' or this identity holds in X 
and ui ^ S'. Note that M 2 ^ S' in the hrst case because uq,ui G S' here. In both 
the cases, there exists an identity of the form wi = W 2 such that wi E S, W 2 ^ S 
and the identity holds in X (namely, the identity ui = U 2 in the hrst case, and 
the identity m = Mi in the second one). Corollary 2.6 shows that Afi satishes the 
identity (1.3). According to Proposition 2.1, this implies that the variety Afi is 
nentral in Com. We use this fact below without special references. 

By the hypothesis, the identity x^y = v holds in the variety y. Then Corol¬ 
lary 2.6 implies that either the variety A /2 satishes the identity (1.3) or n G W. In 
the second case, the identity x'^y = n is equivalent to ( 1 . 2 ) because it fails in the 
variety COM. Thus either A /2 satishes the identity (1.3) or y satishes the iden¬ 
tity (1.2). Consider the second case. Corollary 2.7 implies that the identity (1.1) 
holds in A /2 in this case. Besides that, snbstituting 1 to 1 / in (1.2), we have that 
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every monoid in 3^ is a band (in particular, each group in y is singleton). We see 
that Q 2 = T and m 2 < 1 in the considerable case. Thus either M 2 satishes the 
identity (1.3) 01 y = Mly M 2 where Ml is one of the varieties T or SC. 

Put Zi = [M /\ X)\/ y and Z2 = {M V 3^) A (th V y). In view of Lemma 2.10, 
it suffices to verify that Gr(Zi) = Gt(Z 2), m{Zi) = m{Z2) and Nil(Zi) = 
Nil(.E 2 ). Clearly, the variety Cm V W is combinatorial whenever m > 0 and U 
is an arbitrary nil-variety. Using Lemma 2.11, we have 

Gr(^i) = Gr (^2 V Cm2 -^2 V {M A X)^ = 

Gt{Z2) = Gt{{M yy)A{xy y)) = Gt{M yy)A Gt{x v 3 ^) 

= Gr(^2 V Cm2 -^2 V M') A Gr(^i V ^2 V V Cm2 M'2) 

= Q2 C Ml V Q2) = Q 2 - 

Thus Gr(^i) = Gr(^ 2 )- Further, using Lemma 2.12, we have 

m{Zi) = m{{jG A X)y y') = m{Q2 V Cm2 ^ M'2 V {M A X)^ = m2, 
m{Z2) = m((A/' V 3 ^) A (df V 3 ^)) = min{m(AA V y),m{X V 3 ^)} 

= min{m(^2 V Cm2 V A/”2 V M),m{Qi V ^2 V C^i V Cm2 V A/) V M2) } 

= min{m(^2 V Cm2 V V M),m{Qi V ^2 V Cmax{mi,m2} V AAi V A^)} 

= min{m2, max{mi, m2}} = m2. 

Thus m{Zi) = m{Z 2 ). 

It remains to check that Nil(^i) = Nil(2^2)- Put 

X = va,T{x‘^y = xy^, x^yz = xy = yx}. 

As we have seen above, the varieties Mi and M2 satisfy the identity (1.2) and 
therefore, the identity (1.1) (see Corollary 2.7). In other words. Mi,M2 X X. 
Simple calculations based on Lemma 2.5 show that proper subvarieties of the 
variety X are exhausted by the following varieties: 

X„ = ■vdx{x^yz = X1X2 • • • Xn = 0, x'^y = xy"^, xy = yx} where n > 4, 

J = ■vdx{x^yz = = 0, x^y = xy"^, xy = yx}, 

Jn = 'vax{x^yz = x^ = X 1 X 2 ■ ■ ■ Xn = 0, x'^y = xy"^, xy = yx} where n > 4, 

/C = 'vax{x^y = Q, xy = yx}, 

JCn = va,T{x^y = X1X2 ■ ■ ■ Xn = 0, xy = yx} where n >3, 

C = var{a;^ = 0, xy = yx}, 

Cn = var{x^ = X 1 X 2 • • • Xn = 0 , xy = yx} where n eN. 

This implies that the lattice X(X) has the form shown on Fig. 1. 

Identities of the form tn = 0 are called 0-reduced. For a commutative nil-variety 
of semigroups V, we denote by ZR(V) the variety given by the commutative law 
and all 0-reduced identities that hold in V. The exponent of a periodic group 
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X 



Figure 1. The lattice X(X) 

variety 'H is denoted by exp('H). To verify the equality Nil(Xi) = Nil(X 2 ), we 
need two auxiliary facts. 

Lemma 3.1. Let Q be a periodic group variety and U he a nil-variety of semi¬ 
groups with U CX and U X Nil(Cm) for some m <2. Then 

a) Nil(^ VC^ VW) C ZR(W); 

b) ifU C /C then Nil(^ V V W) = W. 

Proof, a) Put Z = Q\J Cm V U. Let tc = 0 be an arbitrary 0-reduced identity 
that holds in the variety lA. Because W C X, we have that w is one of the words 
x^yz., x'^y, x^, x"^ or xiX 2 ■ ■ - Xn for some natural n (see Fig. 1). Put r = exp(^). 
If tc G {x'^yz, x'^y, x^, x"^} then the variety Z satishes the identity x^w = w. Then 
Lemma 2.5(ii) applies with the conclusion that the identity tc = 0 holds in the 
variety Nil(X). Suppose now that w = XiX^ ■ ■ -Xn- In other words, U satishes 
the identity (3.2). Because Nil(X) 3 Nil(C^) and the variety Nil(Cm) with m > 1 
does not satisfy the identity (3.2), we have that m < 1 in this case. Then the 
variety Z satishes the identity XiX 2 ■ ■ ■ Xn = x'f^^X 2 ■ ■ ■ Xn- Using Lemma 2.5(ii) 
again, we have that the variety Nil(X) satishes the identity (3.2). We see that if 
a 0-reduced identity holds in U then it holds in Nil(X) as well. We prove that 
Nil(X) C ZR(W). 
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b) Let now U ^ JC. All subvarieties of the variety K. is given within COM by 
0-reduced identities only (see Fig. 1). Therefore ZR(W) = W. Now the claim a) 
implies that Nil(^ V Cm V W) C W. The converse inclusion is evident. □ 

Lemma 3.2. IfUi,U 2 CX then ZR(Wi) l\U .2 =U.\ f\U. 2 . 

Proof. Put Q = va,T{x^y = xy'^, xy = yx}. Then Ui = Q A ZR{U^) (see Fig. 1) 
and L /2 X X C Q. Therefore Ui AU 2 = Q A ZR(W^) AU 2 = ZR(Wi) A W 2 . □ 

Now we start with the proof of the equality Nil(Xi) = Nil(X 2 ). Note that if 
m > 2 then the variety Nil(Cm) = var{a;”^ = 0, xy = yx} does not satisfy the 
identity (1.1). Since Nil(Cmi) — ^ Nil(Cm 2 ) — -^2 ^ A’, we have 

mi, m 2 < 2. Below we use this fact without special references. 

Further, we note that M AX = M A Nil(A’) = M A whence 

(3.3) Zi = {N AM^)yy. 

Suppose at hrst that the variety A /2 satishes the identity (1.3). Using the equal¬ 
ity (3.3), we have 

Zi = {U A yy = {UA A/'J V a/'2 V ^2 V Cm^ 

where m 2 < 2. Recall that A/i satishes the identity (1.3). Now Lemma 3.1b) 
with U = (A/* A A/”^) V A/ 2 , Q = Q 2 and m = m 2 applies with the conclusion that 

(3.4) Nil(Xi) = (AA A Afi) V AA 2 . 

Applying Proposition 2.1, we have 

(3.5) Nil(Xi) = (AA V AA 2 ) A (AAi VAA 2 ). 

One can consider the variety Nil(X 2 ) now. Since Z 2 = (A/'V A’) A (A V y), we 
have 

(3.6) Nil(X 2 ) = Nil(A/'V3^) ANil(A V3^). 

Further, Nil(A/’ V y) = Nil(A/’ V Af^ V ^2 VCm 2 )- Now we may apply Lemma 3.1a) 
with U = Af y Af 2 , Q = Q 2 and m = m 2 , and conclude that 

m\{Afyy) c zr(a/'va/'2 ). 

On the other hand, 

A’ V 3^ = V ^2 V V V AAi V AA 2 = V ^2 V C„,ax{mi,m 2 } V AAi V AA 2 . 

Now Lemma 3.1b) withW = A/”iVA/ 2 , G = ^iV ^2 and m = max{mi,m 2 } applies 
with the conclusion that Nil(A V A’) = A/”]^ V A/ 2 . Thus 

Nil(X 2 ) = m\{Af yy) A Nil(A V 3 ^) c ZR(A/' V Af^) a {Afi V A/'a). 

By the hypothesis. A/” C X. Now Lemma 3.2 with Ui = Af y Af 2 and U 2 = A/ 1 VA /2 
may be applied with the conclusion that 

Nil(X 2 ) X {Af V Af 2 ') A {Afi V A/ 2 ). 
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Because the converse inclusion is evident, we have 

(3.7) Nil(Z2) = (AA V U 2 ) A (M V AA 2 ). 

The equalities (3.5) and (3.7) imply that Nil(Zi) = Nil(Z 2 ). 

It remains to consider the case when A /2 does not satisfy the identity (1.3). 
Recall that y = M.y Af 2 where M. is one of the varieties T or SC in this case. 
The equality (3.3) implies that 

= (A/” A M-^) yy ={Af c A/'J V A /'2 V Ad 

where M. has the just mentioned sense. Lemma 2.4 implies that the equality (3.4) 
holds. This equality and Proposition 2.1 show that the equality (3.5) is true. 
Besides that, the equality (3.6) holds. Suppose that Ad = SC. Proposition 2.1 
shows that 

(A/" V 3^) A (A’ V 3^) = (A/" V A/'a V SjC) a (A’ V A /'2 V SC) 

= {{M V M 2 ) A (A’ V M 2 )) V SC. 

Now we may apply Lemma 2.4 and conclude that 

Nii(Z 2 ) = m{{My M 2 ) A {xy M 2 )). 

Clearly, this equality holds whenever Mi = T too. Thus it is valid always. Note 
that 

A’ V AA 2 = V V A/l V M 2 . 

Using Lemma 3.1a) with U = Mi V A/ 2 , Q = Qi and m = mi, we have 

Nil(A’ V M 2 ) C ZR(A/'i V M 2 ). 

Since M V M 2 is a nil-variety, we have 

m\{Z 2 ) = Nil((AA V M 2 ) A (A’ V M 2 )) 

= {M y M 2 ) Am{x y M 2 ) 

C (A/” V M 2 ) A ZR(A/i V M 2 ). 

Now we may apply Lemma 3.2 with Ui = A/ 1 VA /2 and U 2 = M y M 2 and conclude 
that the equality (3.7) holds. Because we prove above that the equality (3.5) is 
true, we have Nil( 2 /i) = Nil(^ 2 )- 

We complete the proof of Theorem 1.2. □ 

The implication c) —)-b) of Theorem 1.1. It is evident that the variety CO Mi 
is codistributive in Com. If the variety V satishes the claim (ii) of Theorem 1.1 
then Theorem 1.2 applies with the conclusion that V is costandard and therefore, 
is codistributive in Com. It remains to consider the case when V satishes the 
claim (hi) of Theorem 1.1. So, let V = ^ V Ad V A/” where Q is an Abelian periodic 
group variety. Ad is one of the varieties T, SC or C 2 , and A/” is a commutative 
variety satisfying the identity (1.3). 

Let X and y be arbitrary commutative semigroup varieties. It remains to 
verify that V A (A/ V y) C (V A A/) V (V A y) because the converse inclusion is 
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evident. If at least one of the varieties X oi y coincides with the variety COM. 
then the desirable inclusion is evident. Thus we may assume that the varieties 
T’ and y are periodic. Put Zi = V ^{Xyy) and Z2 = {V ^ X) y {V ^y). The 
varieties Zi and Z2 are periodic. In view of Lemma 2 . 10 , Zi = Qi VCmi VA/i and 
> 2^2 = ^2 V Cm2 V for some Abelian periodic group varieties Qi and Q21 some 
mi, m2 > 0 and some nil-varieties Mi and We may assume without loss of 
generality that Qi = Gr(Zi) and Mi = Nil(^j) for f = 1 , 2 . If m > 2 then the 
variety Nil(Cm) does not satisfy the identity ( 1 . 3 ). Therefore mi, m2 < 2 . 

Clearly, it suffices to verify that Qi = Q2, m{Zi) = 771(^2) and Mi Q M2- Put 
q = exp(Gr(V)), r = exp(Gr(A’)) and s = exp(Gr(A’)). Then 

exp(^i) = gcd(g, lcm(r, s)) and exp(^2) = lcni(gcd(g, r), gcd(g, s)). 

Since the lattice of all natural numbers with the operations gcd and 1 cm is dis¬ 
tributive, we have that exp(^i) = exp (^2)- This implies that Qi = Q2 because 
the varieties Qi and Q2 are Abelian. 

Put m(V) = k, m{X) = i and m{y) = m. It is clear that 

m{S Ay) = min{m(T),m(A’)} 

for arbitrary periodic varieties S and X. Combining this observation with Corol¬ 
lary 2 . 13 , we have that 

m(^i) = minjA;, maxjf', m}} and 777(^2) = Biax|min{/c, £}, min{/c, m}}. 
This implies that 777(^1) = 777(^2). 

It remains to verify that Mi C A/2. It is evident that Mi,M2 Q Nil(V). The 
variety V is commutative and satisfies the identity x^y = where r = exp(^). 

Lemma 2 . 5 (ii) implies now that Mi and A/2 satisfy the identity ( 1 . 3 ). This means 
that Ml,M2 Q Every subvariety of the variety /C is given within /C either by 
the identity 

( 3 . 8 ) x^ = 0 

or by the identity ( 3 . 2 ) for some n or by these two identities simultaneously (see 
Fig. 1 ). Thus it suffices to verify that deg{Zi) = deg{Z2) and the identity ( 3 . 8 ) 
holds in the variety Mi whenever it holds in A/2. 

Put deg(V) = k, deg(A’) = i and deg(A’) = m. It is evident that 

deg(T AX) = min{deg(T), deg(A’)} 

for arbitrary semigroup varieties S and X. Combining this observation with 
Corollary 2 . 9 , we have that 

deg(Zi) = minjA;, max{£, 777}} and deg(Z2) = max|min{A;, £}, min{A;, 777}}. 
This implies that deg{Zi) = deg{Z2). 

Suppose now that M2 satisfies the identity ( 3 . 8 ). Being periodic, the variety 
Z2 satisfies the identity x'^ = x^ for some natural numbers n and m with m > n. 
Let 77 be the least number with such property. Then Lemma 2 . 5 (ii) implies that 
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the variety A /2 = Nil(^ 2 ) satisfies the identity = 0 and n is the least number 
with such a property. Hence n < 2. Thus the variety Z 2 = (V A A/) V (V A 3^) 
satisfies the identity = t™' for some m > 2. In particular, this identity holds 
in the variety V V A/. Therefore there exists a deduction of this identity from 
the identities of the varieties V and X. In particular, one of these varieties 
satisfies a non-trivial identity of the form = w. Now Lemma 2.5 implies 
that one of the varieties Nil(V) or Nil(A/) satisfies the identity ( 3 . 8 ). If this 
identity holds in Nil(V) then it holds in the variety Nil(V A (A/ V 3^)) = A/”^ too. 
Thus we may assume that the identity ( 3 . 8 ) is satisfied by the variety Nil(A/). 
Analogously, using a deduction of the identity x^ = from the identities of 
the varieties V and 3^, we may reduce our considerations to the case when the 
identity ( 3 . 8 ) holds in Nil(3^). The same arguments as we use at the beginning of 
this paragraph allows us to check that the varieties X and y satisfy, respectively, 
the identities and for some natural numbers q and r. 

Therefore X y y satisfies the identity x^ = Then Lemma 2.5(ii) implies 

that the variety Nil(A/ V 3^) satisfies the identity ( 3 . 8 ). Then it holds in the 
variety Nil(V A (A/ V 3^)) = too. 

We complete the proof of Theorem 1.1. □ 

4. Corollaries 

One can give several corollaries of main results. Theorem 1.1 and [6, Theo¬ 
rem 1.2] imply 

Corollary 4.1. A commutative semigroup variety V with V 7^ COM. is an upper- 
modular element of the lattice Com if and only if it is an upper-modular element 
of the lattice □ 

Comparing Theorems 1.1 and 1.2, we have 

Corollary 4.2. For a commutative nil-variety of semigroups V, the following are 
equivalent: 

a) V is an upper-modular element of the lattice Com; 

h) V is a codistrihutive element of the lattice Com; 

c) V is a costandard element of the lattice Com; 

d) V satisfies the identities (1.1) and (1.2). □ 

Theorem 1.1 implies 

Corollary 4.3. If a commutative semigroup variety V is an upper-modular ele¬ 
ment of the lattice Com and V 7^ COM then every subvariety of the variety V 
is an upper-modular element of the lattice Com. □ 

Note that the analog of this assertion for the lattice SEM is the case (see [7, 
Corollary 3]). Theorem 1.1 and results of the article [13] imply 
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Corollary 4.4. If a commutative semigroup variety V is an upper-modular ele¬ 
ment of the lattice Com and V ^ COM then the lattice L(y) is distributive. □ 

We does not know, whether the analog of this fact in the lattice SEM is true. 
It is verihed in [7, Corollary 2] that the following weaker statement is the case: 
if a variety V is an upper-modular element of the lattice SEM and V is not the 
variety of all semigroups then the lattice L{V) is modular. 
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